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A hierarchy associated with the Li spectral problem is derived with the help of the zero curvature
equation. It is shown that the hierarchy possesses bi-Hamiltonian structure and is integrable in the
Liouville sense. Moreover, the mono- and binary-nonlinearization theory can be successfully applied
in the spectral problem. Under the Bargmann symmetry constraints, Lax pairs and adjoint Lax pairs
are nonlineared into finite-dimensional Hamiltonian systems (FDHS) in the Liouville sense. New

involutive solutions for the Li hierarchy are obtained.
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1. Introduction

A central and difficult topic in the study of in-
tegrable systems is to find Liouville integrable sys-
tems such that those associate with certain nonlinear
evolution equations taking physical significance. Non-
linearization technique or symmetry constraints are
proved to be a powerful tool for obtaining new finite-
dimensional integrable Hamiltonian systems [1]. Un-
der Bargmann or Neumann constraints between the
potentials and the eigenfunctions which play a cen-
tral role in the process of nonlinearization, the spectral
problem is nonlinearized as a finite-dimensional com-
pletely integrable systems. The list covers the spectral
problems associated with the well-known soliton hier-
archies such as AKNS, JM, KN [2—4]. In recent years,
a binary-nonlinearization technique of Lax pairs has
been developed [3]. This method can be applied in ma-
trix spectral problems with any order.

In this paper, we consider the Li spectral problem

<px=U(u,v,A><p=(_“V ”*i)cp, (1.1)

u—v A-—

where @ = (¢1,¢,)7, A is a constant spectral param-
eter, and u, v are two potentials. This spectral prob-
lem was first presented by Li and Chen [5]. Start-
ing from the spectral problem (1.1), the Li hierarchy
was given in [6]. Here we are interested in the non-

linearization of spectral problem (1.1) to find finite-
dimensional Hamiltonian systems (FDHS). In the fol-
lowing section, we first recall the Li hierarchy for the
need of constraints. In Section 3, we study the mono-
nonlinearization of the Li spectral problem (1.1) to find
FDHS. In Section 4, we further analyze the binary-
nonlinearization of the spectral problem and adjoint a
spectral problem under the Bargmann symmetry con-
straint. A complete integrable Hamiltonian system is
then established. We then present a kind of involutive
solutions to the Li hierarchy in Section 5.

2. Li Spectral Problem and its Hierarchy

Starting from spectral problem (1.1), the Li hierar-
chy and its Hamilton structure were obtained by using
the zero curvature equation and trace identity [7]. To
find the symmetry constraint and useful formulae, we
recall the Li hierarchy here.

Solving the stationary zero-curvature equation

b
Vi=[U.v], V= (“” e ) @.1)
b—c —a—c
with
a= Z apA™", b= Z byA™™, c= Z cmA ™™,
m>0 m=>0 m>0

we obtain the following recurrence relations:

ap=0a, by=cop=0,
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Amx = 2uy + 2bpy 1,
bnx = =2vay — 21,
Cmx = —2Uay + 2vby — 2ucy, — 2bpy, 11,
b by
)=o)
Aan an—1
where
0 %8 —u
L=1{, ~1 ~1 :
204+0 ud y4+9 v
The first few quantities are given by
ay=av, by=-—0au, cp=-—qav,
ay = —0t)2(ue + u* —3v?), (2.3)
by = 0t/2(ve—2uv), ¢z =0/2(ux—2v?).
Introducing the auxiliary spectral problem
¢, =V"o, (24)
where

(n) _ n _ —dy O
14 (A V)++Ana An ( 0 an),

the compatibility conditions between (1.1) and (2.4)
lead to the Li hierarchy

() () -{i) e (7).
Vi, an ap—1 v

where

0 %az — du
—dv—vod

)

and J, K are two Hamiltonian operators.

By using trace identity, we can show that the hierar-
chy (2.5) is integrable in the Liouville sense and pos-
sesses bi-Hamiltonian structure:

(u[n> 6Hn+1 6Hn
fr— J _—
v ow

=K
. ow’

(2.6)
where Hamiltonian functions are given by

1
Hy=av, Hp1= ;(anJrl +enp1), w= (M»V)T'
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The first two nontrivial equations in the Li hierarchy
(2.5) are

Uy = — Oy,

1
Uy, = Ea(vx —2uv)y,

Vi = — Oy,

1
Vi, = Ea(ux—i—uz— 3v2)x.

Particularly, when u = v, o0 = 2, the second equations
are the reduced Burgers equation

U = Uyy — LUy,

3. Mono-Nonlinearization of the Spectral
Problem

Let A;, A, ... Ay be N distinct real numbers and
¢ = (pj,q;)" corresponding eigenvalues A;, we take
N copies of the spectral problem (1.1):

<pf> —U(u,v,xj)<pf>, i=1,....,N. 3.1)

qj 4j
By computing the variation derivative of A, we have

VA; = (8A;/8u,82;/8v)

(3.2)
=c(—=pi+43.2p;q;+ Pi+q)),
where ¢ = (2/.pjq;dx)”'. We consider the
Bargmann symmetry constraint
=xY —VA; 33
(al) j=1 c ] ( )
which leads to
u= ) —\449/
(p.r) = (0:9) (3.4)

v=2(p,q)+ (p,p) +(¢,9),

where p = (p1,....pn)", 4= (q1,-.-,qn)", and (.,.)
stands for the standard inner product in R".

Substituting (3.4) into (3.1) generates the following
FDHS:

px=—NAp+2(p,q) +{p,p) +{q,9)p

+2((pup) + (pra))a = aa—’;

gx=—2((q,9) +(P,9))p+ g 35

oH

- 2{p,q9) +{p,p)+{g,9))a= TS
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where A = diag(A4,...,Ay) and

H=—(Ap.q)+({p.q) +(p.p) +(4,9))(P:q)

(3.6)
+{p,p)(q,9)-
Making use of the relation
KVAj=AJVA,, (3.7
we have
di=a, bi=b; ¢=c, i=0,1,
&' —al2 /\mfl , + /\mfl ,
. (<71 P>q) +( p.p) (3.8)
+(N""q,q)), m=>2,
bw=0a((N" q,9)— (N"'p.p)), m>2,
Em:_a(</\'n71‘Ia‘1>+</\milpvp>)’ m>72.

Under the conditions (3.4) and (3.8), it is easy to verify
the following propositions.

Proposition 1. The Bargmann system (3.5) enjoys
the Lax equation

V.= [0,V], (3.9)

where the tilde denotes the corresponding expression
under the conditions (3.4) and (3.8).
Let

F=detV =Y F,A™",
m=0
we have

F=o? F =0,

F,=40[(Ap.q)— ((p,q) +(p.P))((g.9)+ (p.a))],

F3 =4a*[(N\* p.q) — ((p.p) + (p.q)) (A g.,q)
—({p,9) + (g 2)){Ap,p)],

Fn =422 {[(A""" p.q) = ({p.p) +(p.0)) (A" q.q)
—({p,a@) + (g @) (\" 2 p,p)]
m—2
+ Y AN pg) (A" pig)
i=2
— (N pp) (N g gl

(3.10)
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Specifically
F, = —4a’H.
From (3.9), it is easy to verify that

DyFy, =0, m>0,

which means F,, constitutes a hierarchy of integrals of
motion for FDHS (3.5).

In the same way, we can discuss the nonlinearization
of the auxiliary spectral problem

<pf> _‘7<">(u,v,xj)<p{>, j=1,...,N. 3.11)
t)l

qj qj

Under the constraints (3.4) and (3.8), we obtain
a hierarchy of finite-dimensional systems with the
Bargmann symmetry constraints for (3.11); we call
them restricted 7, flow. It is easy to show the identity

v, = [V vl (3.12)

n

This implies that F;, also constitutes a hierarchy of in-
tegrals of motion for system (3.11).

Through a direct calculation, we find that system
(3.11) can be rewritten as

a(%Fn-&-l) a(%Fn-&-l)

=% - =— >1. (3.13
Pr, aq y dn, ap , =2 ( )

We consider the standard symplectic structure on R*V,
then the poisson bracket for two smooth functions f
and g in the symplectic space (RN ,dp Adq) is defined

as
_ 3_fa_8_3_f3_8)
{f’g}),:<3cn dp; 9p;dq;)’

Proposition 2. F», F3,
pairs.
Proof: A direct calculation gives

...Fyy1 are involutions in

dF,

Fu,Fn} = —4a .
{ ms n} dtn

From the Lax presentation (3.12) we get

dF,
=0
dt, ’

which implies {F,,,F,} = 0. So the proposition is
proved.
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Proposition 3. F;, F3, ... Fy4 are functionally in-
dependent over some region of R*V.
Proof: Direct computation leads to

oF;
a—pl\,,zozmzA’*lq, [=2..N+1.
Therefore we obtain
dpi Op1 Op
o on Ok
det| 9, 9p op> [p=0
on n o
dpy  dpn opn
Mg AMlaq A
= (4PN det| a2 Aa 2
gy Adan AN an

= (407 q1..qnTTizj(Ai — A;).

This means that functions F», F3, ... Fy41 can be func-
tionally independent at least over some region of R?V.

From propositions 2 and 3, we immediately obtain
the following theorem.

Theorem 1. Both the finite-dimensional Hamilto-
nian systems (3.5) and (3.13) are completely integrable
systems in the Liouville sense. Besides, the x flow and
t, flow are commutative in the symplectic space (R,
dp Adg).

4. Binary-Nonlinearization of Spectral Problem

In the following, we would like to perform binary-
nonlinearization for the Lax pairs and the adjoint Lax
pairs. We consider the adjoint spectral problem of (1.1)

WX:_U(WV»A')TW7 1//:(1//1,1112)7“ 4.1)
and its auxiliary spectral problem
v, = =V (v, M)y (4.2)

Similarly, let A1, A,, ... Ay be N distinct real numbers
and ¥ = (y1, ¥»;)T corresponding eigenvalues A, we
take N copies of the adjoint Lax pairs of (4.1) and (4.2):

"’”) :—Uuwl»TC”“) i—1.... N, (43)
(IIIZJ‘X (,a]) II/ZJ ) J ) 34V,
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ll/1j> = V"L, T<W1j> P
= , j=1,...,N. (4.4)
(‘l/zj I 4 V2

In order to impose the Bargmann symmetry constraint
in binary-nonlinearization, by means of the formulae
in [8], we get (up to a constant factor)

oA,

5. = P+ o)), 4.5
OAj

Sy —0(Q1j W1 — @1V + P21 — P2 Y2)).

Now we make the Bargmann symmetry constraint

SH, &6
JW —Jj; S (4.6)

from which we get the following explicit expression
for the potentials:

u= (P, V) +(D2,"), 4.7

v=—(P,'") +(P1,'V5) — (P2, ') + (D2, '),

where we denote the inner product in RV by (.,.),
and ;= (@1, Oiv) " H = (Wir,-... W)L i= 1,2,
A = diag(A,..., Ay).

Under the constraint (4.7), the spatial parts (3.1) and
(4.3) of the Lax pairs and the adjoint Lax pairs can be
rewritten as

(%) = vtwnaia( D),
P2/ P2

wlj) =—U(u,v,1))T (WU) =1 N
(IIIZJ‘X (7a])‘3u/2j7] ) IEAR}

where the subscript B means substitution of (4.7) into
the expressions.
The above system can be expressed as the FDHS

0¥ oH

= =12
a¢l7 l bl

00, oA

R A 4.8)

and its Hamiltonian function is
H=—(N®, W)+ (AD,P)

§<¢1,%>2—%<¢2,%>2

+ (2(D1, Vo) + (P2, ¥9)) (D2, W)

+ (@1, 1) + (D2, '15)) (D1, W)

- <(I)17lPl><(p27lPl> - <(I)2,le><(I)1,le>,
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By direct calculation, we have

6& SA;
5w =4 J5—

from which we get
do=a, by=:e=0,

ar=o(—(P1,Y)+ (D1, W) —

(4.9)

(D2, 1) + (D2, '),

by = —a((®),'B) + (P2, 'H)),
¢1=—0(—(P,V)) +( D1, 'P) — (P2, 1) + (D2, ),
am = —Ot((/\'”’1 D, — (/\'”’1 D,'P)

+ (A" W) — (N ),
B = —a (A" Dy ) + (A" Dy ), m > 2,

Em = —04((/\’"_1 D, ) —

and from [9] we have

(Vig)x=1[Ulz,V|s]s
Then

det(Vlp) =

</\m_1 ¢2aqll>)a

Vg, = V™ |5,V]5]. (4.10)

(L (@n+Em)A ™)

m=>0
~(X G 2A )L, (=)

m=>0
Setting
det V‘B

ZF
we have
Fb=o? F =0,
B=a?{ —2((A P, W) — (A D2, 'B5))
+ (—(P1, 1) +2(P1,'B) + (D2, '2))
(@1, W) +2(D2, ) — (D2, ') |,
=a?{ —2((A\2 @, W) — (N2 Dy 5))
(—(P1, 1) +2(DP1, ) + (D2, ) )( A D2, 1)
(D1, 1) +2(D2, i) — (P2, o)) (A D1, B)
Fp=a?{ =2(A" '@, W) — (A" 1y )
+2(— (D1, 1) +2(D1, W) + (Do, W) (A" 2 Dy, W)
F2((P1, W) +2(D2, V1) — (B, W) (A" By, W)

+2
+2

m—2
+ Y (Ao ) — (N Dy, )
i=2 )
(AN ) —
m—2 ) )
+4 Y (N D ) (AT W)
=2

</\m—i—1 (I)Z,lPZ»

m>4.
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Moreover we notice that H = T LB
The temporal parts of the nonlinearized Lax pairs
and adjoint Lax pairs

<(P1j> :V(")(u,v,/lj)3<¢1j>,
®j/,, P2

<W1j> _ _V(n)(u,v’ afj)T‘B <II/11>
V2j/ 4, Vi

j=1,...,N
also can be expressed in the Hamiltonian form:

o0, 1 Ay 0¥
or, 2a? o¥ ' o1,

i=1,2.

1 aFnJrl

202 0®; © (4.11)

Next we consider the standard symplectic structure on
RV

w? =d¥Y AdP; +dW A dD,.

The corresponding Poisson bracket is defined as

Set Fj = y1;@1j+ V2,92, j = 1,...,N, and by direct

calculation we have

dF; dF; )

oo, =0 j=1,2,....N,
& J

o L (4.12)
{Fjvﬂ}:07 {Fjv Fm}:07
I=1,....N, m=2,...N+1.

Equations (4 10) and (4.12) imply that the functions
Fi,...,Fy, B,... ,Fy, are integrals of motion of the
systems (4.8) and “4.11).

From (4.10) we have

(4.13)

Therefore, according to (4.12) and (4.13), we find:

Proposition 4. The functions Fi,...,Fy,
F,...,Fy,1 are in involution in pairs with respect to
the P01sson bracket here.

Proposition 5. Fy, ..., Fy, B>, ..., Fy are function-
ally independent over some region of R*V.
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Proof: A direct calculation gives rise to

oF; .
a(p ll/ljgjla ],121,2,...,]\7,
oF;
3%, om0 = —2 N1,
oF;
a@;\@l o0 =271 =2 .. N+l
Therefore we have:
det 0P, 0P, 0P 0P, |
8452 84>2 8(152 8@2
yir ... 0 =24y =24y
0 oo YN 2ANyN —2%11\,\/1]/11\/
=det
v ... 0 2A1y21 20 w1
0 ... yvav  2Avway 248 van
:221\/1—11 1 , 1‘I/IJH/< 1Al Tiz j(Ai = ).

This means that functions Fi,...,Fy, B>,..., Ey, are
functionally independent at least over a certain region
of R*V.

So we can lead to the following theorem.

Theorem 2. Both the finite-dimensional Hamilto-
nian systems (4.8) and (4.11) in the symplectic man-
ifold (R*Y »21-2:1 d¥ A dd;) are completely integrable
systems in the Liouville sense.

5. Involutive Solutions

Consider the canonical systems of H flow and
2lVFnJrl flow, n > 1, respectively:

LA S
)
(5.1)

oF,
s ((F)

et (- %))

(@], 07 W W) =
or, ) \oaw )

=1IVH,

o
0D,

((pl 7(132 »lPl leZ )t,l

() (-
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1
2 2
where Ly is the 2N x 2N unit matrix

= 9 Py
—bLy O

tn

Let g7 and 8F .\ /a?)

associated w1th the Hamiltonian systems (5.1) and
(5.2), respectively.

IV, (5.2)

be the Hamiltonian phase flows

Define
(I—’l (X, ln) q’] (0,0)
@2(){,1’”) x b ¢2(070)
=gr ol 5.3
Wion) | =88 L, | mo0) | O
¥ (x, ) ¥ (0,0)

with @;(0,0), ¥(0,0), l = 1,2 being arbitrary constant
vectors. Since A and 5 Fn+1 are in involution, we ar-
rive at the following proposmon.

Proposition 6.

(1) The canonical systems (5.1) and (5.2) are com-
patible.

(2) The Hamiltonian phase flows H and ﬁzﬁnﬂ
commute.

Due to the commutativity of A and #FH] ,(5.3)is
the involutive solution of the consistent systems (5.1)
and (5.2). The n-th order Li equation (2.5) is the com-
patibility condition between (1.1) and (2.4). So under
the constraint (4.6), (2.5) becomes the compatibility
condition between (5.1) and (5.2). Furthermore, (5.3)
is the common solution to (5.1) and (5.2). Hence, we
have the following theorem.

Theorem 3. Suppose (D;(x,t,)7, Do(x,1,)7,
¥ (x,1,)7, ¥ (x,1,)T)T are involutive solutions of the
consistent Hamiltonian systems (5.1) and (5.2), then

( (@1,P) + (P2, W)
—(P1, W) + (D1, W) — (P2, '1)

satisfy the n-th Li equation (2.5).

(5.4)

+ <<I>z,‘1’z>)

According to Theorem 3, Li equation (2.5) are split
into finding involutive solutions &;(x,,) and ¥i(x,1,),
i = 1,2. This kind of involutive representation of so-
lutions to integrable systems exhibits both the interre-
lation between (1+1)-dimensional integrable systems
and finite-dimensional integrable systems. Moreover
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